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MATHEMATICS

X,_,-FORMING SETS OF EIGENVECTORS

BY

ALBERT NIJENHUIS

(Communicated by Prof. J. A. SCHOUTEN at the meeting of March 31, 1951)

§ 1. Introduction. For a covariant tensor!) field of valence two in
V, with distinet eigenvalues one may seek conditions for the eigenvectors
to be V,_,normal. This problem was solved by J. A. ScHOUTEN 2), and
necessary and sufficient conditions were given. These conditions, however,
contain the eigenvectors of the tensor, so in order to determine whether
a given tensor has this property one must first solve the characteristic
equation. A. ToNoro solved the same problem for 3-space, first for E;3),
later for ¥, %), and in both cases succeeded in giving these conditions a
form containing neither the eigenvectors nor the eigenvalues of the
tensor. SCcHOUTEN gave the generalisation for ¥V, %) and showed that
Toworo’s proofs could be abbreviated by more modern methods and
notations. :

It is possible to generalise the aforementioned problem to a mixed
affinor field in X, of valence two with distinct eigenvalues, and to seek
conditions for the covariant eigenvectors to be X, _,-forming. The metric
and the connection of a ¥V, are then entirely superfluous. These conditions,
again, will contain neither eigenvalues nor eigenvectors and they are in
V., shown to be equivalent to ToNOLO-SCHOUTEN’s criteria. The con-
ditions will involve a hitherto unpublished differential comitant.

We will start from ScHOUTEN’s considerations because they lead to
the differential comitant.

We therefore take a ¥V, with coordinates &, s, 4, u, v, 0,0, 7= 1, ..., m,
a metric tensor g,;, with its corresponding differential operator V,‘, and
in this V, we take a tensor field A,;.

1) For any generalities on notation and terminology we refer to J. A. SCHOUTEN
und D. J. Struixk, Binfithrung in die neueren Methoden der Differentialgeometrie I,
(Groningen 1936); J. A. ScHOUTEN, Tensor Calculus for Physicists, (Oxford 1951).

2) J. A. ScrHouTEN, Der Ricci-Kalkiil, p. 196 f. (Berlin 1924).

%) Ancero Toworo, Sopra una classe di deformazione finite, Ann. mat. pur.
appl. (4) 29, 99 —114 (1949); id., Sulle equazioni di Weingarten relative ai sistemi
tripli ortogonali di superficie isostatiche; Un. Roma e Ist. Naz. Alta Mat. Rend.
Mat. e appl. (5) 2, 170—192 (1941).

4) Axceero Toworo, Sulle varietd riemanniane a tre dimensioni, Pont. accad.
Sci. Acta 13, 29 —53 (1949); Atti Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat.
(8) 6, 438 —444 (1949).

5) J. A. ScHOUTEN, Review on op. cit. 4), Math. Rev. 11, 461 (1950); id., Sur
les tenseurs de V,, aux directions principales V, _-normales. Conférence au Colloque
du Centre Belge de Recherches Mathématiques, 11 —14 avril (1951).
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We shall assume that h,; has distinct eigenvalues 1, ..., 1, and that
1 n

none of them is zero. Let the unit eigenvectors be 7% ..., % and the
1 n

anholonomic coordinate system they determine, (h), %, 4,7,k l1=1,...,n8).

It is then a known fact that the * are V,_,-normal if and only if 2)
k

(1 1) z’yél?u vu h1x=0 ) j: kal¢

Now this condition is equivalent to the following set of equations:
((a) hg* Vb =0,

(1.2) \ o) He e
0 7,30,

where ;L’I‘Z is the inverse of %,;. This is the form ScHouTEN gives. ToNoLo

used for #» = 3 the minor 7?) of A, instead of h’l‘*, and then for this value
of n the theorem also holds if A,; has rank 2. For this detail, however, we
refer to SCHOUTEN’s publication.

ScHOUTEN proves as follows that equations (1.2) are equivalent to
(1. 1). Multiplying (1. 1) by 2 and using the fact that 4* is an eigenvector,
one obtains ! g

(1 3) i“ilivhi;uv/lklx=0 > 7’k7l¢ ‘

Alternation over 4, k, I gives (1. 2a). The other equations are derived in a
similar way. Hence (1.2) is a set of necessary conditions.
Conversely, (1. 2) can be replaced by

g (@ P Vil =0,
-1
(1. 4) $ () AV by =0,
P
( (¢) hi* Rl Yyl =0,

where ;zf’“ is an abbreviation for -hil;zllk (1. 4) can be replaced by
(@) (%-—@) Vihy + cyel. b, i,j=0 h,i, 7,

(1.5) (b) (%‘Ii };“’) Vihy+cyclhi,j=0 , b, ij#,
(c) (%‘2 /}‘1 —{}‘2 /;lt"f) Vihg +ceyel. hi,j=0 , h, 7.

For every set of distinct A, ¢, §, (1. 5) form three homogeneous equations

8)  We remind that the summation convention for A, ¢, §, k& is used only in case
there are two equal indices, one covariant and one contravariant.

7) The minor of an affinor y* is defined (cf. op cit. 3)) as the affinor density
whose components are the minors of the corresponding elements of the transposed
matrix of Ay
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with three unknowns. The determinant of the set is ¢ 0 because it is a
product of nonvanishing factors. Hence (1.2) leads to

(1. 6) Viba=0 , h4,]H,

which is equivalent to (1. 1). This proves the theorem.

§ 2. The elimination of the metric. The formula (1. 2a) is a starting
point for the generalised problem. We will try to eliminate the metric
from (1. 2a).

If an affinor field %;* is given (again the eigenvalues are assumed to be
distinet), we can investigate when the covariant eigenvectors are X, _,-
forming. One way is to introduce an auxiliary metric tensor of rank n
such that A*g,; is a tensor:

((@) guun =0,
((B) e g = 0.

With respect to (h) these equations become

(@) Gir= G
() l Y — A Gu= 0.
4 k

(2.1)

(2.2)

Hence g, = 0 for i 7 k, and for each 4 (s = 1, ..., n), g;; is arbitrary but
not zero. There are #2 unknowns, 2(%) = n*—n equations, and n linearly
independent solutions; so equations (2. 1) are independent. -

Once a metric satisfying (2. 1) has been introduced, the eigenvectors of
hi* are mutually perpendicular for this metric and the necessary and
sufficient conditions are then (1.2). The elimination of g,; from (1. 2a)
is now accomplished by making use of (2. 1) and of the equation

(2.3) @y hii) gage + i Dy G = 0,
which is a consequence of (2. 1b). The left hand side of (1. 2a) becomes:
Pty Vb = b 3 B + 72 Pty B 97 (2, G + it Grre— pa1 Gute) =
= by 0 b + BT B3 ® Oy G =
(2.4) = hg" (04 hif) Jor — i’ (Opo) 157) G =
= hg" Qo B3®) Gore — bl (Dp01 257 Gy =
= 4" O bt — Bl 3o Pi™] G
Denoting the expression in brackets by —1/,H;;%, we arrive at the con-
dition
(2. 5) Hiis® gy = 0.
We may repeat the above argument for any solution of (2. 1); therefore
(2. 5) should hold for every solution of (2. 1).

So, for a suitable choice of a,3;* and B;;;, alternating in all upper and
in all lower indices, the equation

(2. 6) Hi® Qe = 03357 e + Biii® BT Goee
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should hold for every g,,. Then, however, g,, can be omitted, and so the
G- is eliminated from (1. 2a):

(2.7) Heim Ay = aiy™ + Bui b

This condition is mecessary. It will be proved in § 6 that (2.7) is also
sufficient. However, we will first turn to the generalised problem.

1,2

§ 3. The quantity H,;*. We prove that the expression H;y* of § 2,
defined by
(3-1) H i 82 by dygy Bl = 2 1 g iy
is an affinor. The difference between (3.1) and the same expression,
written with Vv instead of d, where v belongs to any arbitrary symmetric
connection (I,% = 0), is
2 i Lo hi*— 2 i Doy hif + by Tifyag B =
= 2 h® Dgiy b + 2 e Ty b + 2 b Tyl by = 0.
Since H;;* defined with Vv instead of 3 is an affinor and is shown to equal
(3. 1), the affinor character of (3. 1) is proved.

Writing A3 = hy* + hy* and computing (3. 1) for this affinor, we find
another affinor: * 2

(3.2)

1,2
(3.3) | Hy &L }1*[;29 Ol {fi}” + ’étif ol 713311” —fbé” dtu 7;'519 - gé“ Oty 71%119 .

Putting
(3. 4) hy* &L by by
12 1 2
we have the following identity
1,23 3,21 1,2 3.2 1,3
(3. 5) H; v+ H* = Hge° I;;," + H;y {z;," -2 {z[;}’ Hypx.
Introducing two arbitrary affinor fields «* and %, and the two fields
(3. 6) " =hut v = kvt
one can verify the identity
(3.7) £ =w v Hy;X + by (£ 0" — £'w) — by hy" £97,
'u u v u

where £8) is the Lie-derivative ?) with respect to v* for instance
v

(3.8) £u"=v“b#u“—u"b”v”=—;§v".

8) J.A. SCHOUTEN (see op. cit. %)) proposed the notation £ instead of D for the

L
Lie-derivative because sometimes we need subscripts under the kernel, and all
forms of the letter d already have one or more meanings.
9) J.A.ScrouTEN und E. R. vaN KamMpPEN, Beitrige zur Theorie der Deformation,
Prac. Matematyczno-Fizycznych, Warszawa 41, 1 —19 (1933); op. cit. 2), p. 140 ff.;
and p. 74 ff. respectively.



6 204

For a geometric interpretation, see also § 8.
. The identities (3. 5) and (3. 7) play a central role in the solution of the
generalised problem of TonNoro.

The expression

12
3.9 Su QL Baed Ry —hi o, by — Ry, By 4 By D, ke
L 1/ 4 N 9 4 1/4 10 13 o ‘)Q 114

is not an affinor, except when h;* and h3* commute: replacing d by v leads
1 2

to adding the terms
(3.10) (k" it — by hif) I3,

2

supposing vV belongs to a symmetric connection. This shows that we have
the following differential comitants for a vector:

1.2
g (B by — b hie) 3, 0% + 2750 0%,
1 2 2 1
(3.11) L
a,u (hgn h).g'— h’g,‘ hla) Wy, — z’;ul W, -
1 2 2 1

They can be generalised for any quantity. This proves that a pair of non-
commuting mixed affinors of valence two and an arbitrary affinor have a
first order differential comitant. — At present we shall not elaborate
this further.

§ 4. A. Tonolo’s problem generalised for X,. Before investigating the
conditions under which the covariant eigenvectors of Ay* (all eigenvalues
are again supposed to be distinct) are X,_,-forming, we recall that an
equivalent problem is to determine when every pair of contravariant
eigenvectors is X ,-forming. The equivalence is a consequence of the well-
known fact that of a set of n linear homogeneous partial differential
equations with one unknown variable, every set of n—1 of these equations
is a complete system 1) if and only if every pair of them is a complete
system.

Consider now two arbitrary eigenvectors «* and v* of hy*, belonging to

eigenvalues A and u, 4 7% u. We apply (3. 7) to »* and v*. The left hand
side becomes

(4.1) .ﬁ,uv" =(ﬁy) v+ ,uﬁv"= l’u"%,u—,uf Au = J* ;f;‘,u—[uu"ag A+ lﬂfv",
and the second term of the right hand side

hy* (%Mv"——ijlu") = hg* (v"ﬁ,u + ,u%v"——u"f’, Z-Z{iu") =

(+.2) =,uv"f,,u—2u"fl——(l+,u)h:,"f,v".-

Thus (3. 7) takes the form "

(4:3) 0 B i = (A £ (L) 0* £ o [ By = (k) i B A7) £ 08

1) J.A.Scmourex and W. v. . Kurx, Pfaff’s Problem, p. 86 ff. (Oxford, 1949).
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If now w* and v* are X,-forming, the equations
(4. 4) U f=0 , vd,f=0
form a complete system, i.e. ;Ev" (ef. (8. 8)) is a linear combination of w*

and v*19). In that case (4. 3) proves that uv* H;3* is also a linear com-
bination of »* and »*. Hence

(4. 5) w* v Hy™ w v = 0
is a necessary condition for any pair of eigenvectors w*, v* to be X,-forming.

If, conversely, (4.5) holds for any pair of eigenvectors, then 7' £,

where 7';* is the affinor in brackets in (4. 3), is also a linear combination

of w* and v*. Now for an arbitrary eigenvector w* belonging to the eigen-
value » we find

(4. 6) Typuw ={r—A+ pu)v+ du} w=@—p)@»-—2)w.

Hence the only eigenvectors that are annihilated by 7T',* are w* and v*.
The consequence of this fact is that if 7,“€v¢ has no component along any
eigenvector distinct from »* and v*, then £v* has this property, too. So,

if (4. 5) holds, then £0” is a linear combination of %* and v*. This proves

that (4. 5) is also a sufficient condition for u* and v* to be X,-forming.
With respect to the coordinate system (&), determined by the eigen-
vectors, (4. 5) can be written:

(4.7) Hyl =0 | hyi, =

2
A third form is the following. Writing %;* for %;°h;”, etc., we shall prove
that the equation

n—2

(4. 8) H;* = ?,9“‘ A%+ yl)w hy + ...‘—l—ny_o[# by,

with p;, ..., p, suitably chosen, is equivalent to (4.5). In order to
0 n—2

prove this we write (4. 8) with respect to (h), then the only equations
involving p,, ..., p, are:
0 n-2

2Hi> =p+Ap+ Mpy+ ... + 2 2py,

0 21 22 2 n-2

2H;P =p, +Ap, + A2py + ... + 22 p,,
0 n I n 2 n n—-2

and these equations have exactly one solution because the determinant
of the system is equal to ] (A—A)#0.

1GCk<n ¢k
Similar arguments are valid for the other components of the p,. Because
also, both sides of (4. 8) — written with respect to (k) — vanish when
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k, i, j are not equal, (4. 8) is equivalent to (4. 5). (4. 8) contains neither
eigenvectors nor eigenvalues.

§ 5. The meaning of H;*=0. In case H,*= 0, equation (4.8) is
satisfied, the covariant eigenvectors of A;* are X, ,-forming, and (4. 3)
then reduces to

(5.1) O=A—p)uw* LA+ (A—pu)v"£pu.

This means that £ 1= £ ¢ = 0. Thus we may conclude:
v %
If Hyy* = 0, every eigenvalue 1 is constant on every X,,_;, generated by its
i i

own covariant eigenvector e;.
This statement implies that, if 4, ..., A are independent functions, they
1 n

can be taken as coordinates. The X,_,’s with A = const. are then auto-

1o
matically the X, _,’s generated by the eigenvector ¢;, etc. In that case the
characteristic equation
(5.2) det (h;* —AA4%) =a—ali+ ..+ (=4)"=0
n, n—1
must be solved as usual; however, no integration is necessary to find the

X, /s generated by the eigenvectors.
The 1, ..., A are independent functions if and only if
1 n

(5. 3) det (d, 1) # 0.
Because 1, . . ., A are distinet, they are single-valued functions of a, .. ., a.
1 n 1 n
Consequently
(5. 4) det dafod) 520 , p=1,.., n
» k

Conversely, if (5.4) holds, 4, ..., 1 are distinct 11).
1 n

So we find as a necessary and sufficient condition for the independence
of 4, ..., 4:
1

n
(5. 5) det (2,0) 20 , p=1,...,n
V4
Thus we have the following theorem:
If H;7*= 0 and (5.5) holds, then for each (i =1, ...,n) the X, /s

i
generated by the covariant eigenvector field e, are the X, _,’s of constant 1.
i

11)  The left hand side of (5. 4) equals the VANDERMONDE determimant of 4, . .., A.
1 n
This follows easily from the fact that

Whd=a —Aa +1a—..+(=APL
P -

-1 ip—-2 i p—3 q
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§ 6. The relation to the formulae of Tonolo-Schouten. For a metric
space the formulae of ToNoro-ScHOUTEN (l.2) were necessary and
sufficient. In the absence of a metric we have (4. 8). The quantity H,;*
was found from (1.2a), and we shall now investigate its relation to

(1. 2Db, ¢). Using again the notation lzz);{‘ for the p-th power of Ay*, and
denoting IEI,M by H * for h,1 = h,l and h,,1 = h,1 , we can write (1.2) in

the form (as one can prove by a oomputatlon analogous to (2. 4)):
g (a’) H[/;hr Gz = O,
1,—-1
(6 1) 2 (b) H[ﬁir gv]r = O;
-1-1

(C) H[ﬁit Qe = 0.
Here g,, satisfies (2. 1). The assumption is made that det (23*) = 0. If this
is not so, one must determine a so, that det (hy* + ad%) 5= 0, and replace
hl by kﬂ. + (ZAK
~1,1 ~1.—
We will now express H 4+ and H .+ in terms of H ;;*. The identity (3. 5)
can be written as follows for powers of Ajz*:

».Qtr r.¢+p .9 T 7.9 ? a .7
(6. 2) H”Z + H =leia h&” + ;2;[0 hc"—-2h[ﬂ" H'A]&x.
Taking p = r = 1, we have
laqt1 1,q [
(6. 3) H ;3 = H;3° by —hy,” Hygx
For ¢ = —1, this gives:
1,-1 -1
(6 4’) H/U. = k[/t Hﬂ.]g ko' )
~and from (6. 3) for ¢ = —2 it follows that
1 —_
(6. 5) Hor = H oy by — b Hyg? b,
while (6. 2) gives for p=¢=—1, r= +1:
-1,—-1 -2 -1 ——II -—-2 ~1 —11 -1
(6. 6) H,> ~HMk o+ 2 hy? Hyg® b,

Substituting (6. 4, 5) in (6. 6) and 51mp11fy1ng, we obtain

.._I__

(6.7) Hy -—hgh H@g %
Hence (6. 1) has been reduced to
(@) Hpii gy =0,
(6. 8) (b) T ;brl',f Hy" g = 0,
(©) T Hye e i g = 0.

As we shall prove now, this system is equivalent to (4. 8) — or to (4. 7).
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Writing (6. 8) with respect to the coordinate system (), we obtain:
(@) Hi"gy+cyel.h,i,7=0 , b, 4,7,

(6. 9) (b) Hi" (/}—1 + };_1) %—1 g+ cycl b, 4,7 =0, ki, jF,
(¢) Hi* };“1 };‘1 %"Zghh +eyel b, 4,i=0 , h,t,7F~.

Computation gives the value of the determinant of this system:
(6.10) i gy gm A1 AT ATT (AT = A7) (AT =27 (AT —A7T) £ 0.

i ) h i g j h h i
Hence (4. 7) follows from (6. 9). Because conversely, (6.9) is a trivial
consequence of (4.7) the equivalence of the systems of formulae (4. 8)
and (6.9) — or (1.2) — is proved.

§ 7. Other forms of the condition for the metric and the non-metric case.
It is now clear that the solution of ToNoLO’s problem can be formulated
without the introduction of a metric. Nevertheless, certain advantages
accompany the metric, since in (4. 8) a number of unknowns occur,
whereas in (1. 2) they do not. (1. 2), however, does contain the assumption
that det. (hy*) 5~ 0. This superfluous condition is eliminated in the following
alternative formulation. (6. 9a) offers the means of essentially replacing
(6. 8) by (6. 8a). For each of the n linearly independent metrics (see § 2),
(6. 8a) — or (6. 9a) — is a valid condition. These n equations are sufficient
to imply H;* = 0, i.e. (4. 7), since their determinant is necessarily non-
vanishing because of the independence of the metrics. Indeed, even three

1 2 3 (1 2 3]
metrics g3, .4, g2 are sufficient, provided g,, g, 9;; 7% 0 for all h, i, j #~.
For these three metrics one can take, for example,

1

(a) g,ul = g/d 3

2
(7' 1) (b) g/ll = g/tl + ak,ul ’ a A ;ﬁ _ 1,

3 2
(C) g“’* :glll_{—ﬂh/ul ’ ﬁlgi — 1.

We thus obtain the equations
(CL) H[;tir G =0,

(7. 2) (b) H[,hir b’v]‘t = O )

2
(C) H[Zuir kv]r =0,

which no longer contain l;;" and remain valid whether or not det (A3*) = 0.
(7. 2) is equivalent to (6. 8); of course the equivalence is not between the
individual equations of the two sets.

Now it is also obvious that the condition (2. 7) is necessary and sufficient
in the non-metric case. It expresses the fact that for every solution of
(2. 1), equation (1. 2a) is satisfied, or equivalently, that (6. 9a) is satisfied

for any g, 9is» 94i-
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Because in (2. 7) a is merely to account for the part alternating in xz,
(2. 7) is equivalent to

(7.3) Hij " A3y = Biss” i

This condition also contains unknowns but that will probably be
unavoidable if one wants to preserve formulas of elegant and useful size.
The number of conditions to be imposed on H;;* is 3(3) in (1. 2) and
(n—2) (3) = 3(%) in (4. 7). One would expect, therefore, that these con-
ditions might be expressed by means of a set of simple quantities — for
example, n—2 bivectors or n—2 (n—2)-vectors or 3 trivectors, etc. —
set equal to zero. Because, however, these bivectors, trivectors, ete.
cannot be formed with the aid of H,;* and Ay alone, these seemingly
most plausible expressions will probably not exist.

That a more complicated form does exist can be seen as follows. (7. 3)
expresses that the xr-domain of H;;* 4]} lies in the xr-domain of A{A:7.
Introducing collective indices (“Sammel-indizes”)12) A for (x7) (4 =
=1,...,("§") and writing H3* for H;;* A} and Py * for A b7, we
get the necessary and sufficient condition in a form not containing any
unknowns:

(7.4) H3UPsot . Py 4N =0, N = (g)

§ 8. Some other remarks. The identities (3.5) and (3.7) appear to
play an essential part in the important stages of the discussion. On (3. 7)
the derivation of the necessary and sufficient conditions depends, and on
(3. 5) the proof of the equivalence of (4.8) and the equations (1.2) of
ToNoLo-ScHOUTEN. It may therefore be useful to indicate the geometrical
ideas behind these hard-to-find identities. For (3.7) the leading idea
arose from considerations of analogous situations where similar — though
simpler — identities hold.

A. The geometric meaning of the Lir-derivative of a contravariant
vector in X, can be made clear as follows: Consider the point trans-
formation &* — &* + v*dt, applied to an infinitesimal vector w*dt’. w*dt’
represents two points of X, : & and & + w*dt’. & is now being trans-
formed into & + v*dt, and &+ w*dt’ into & + w*dt’ + (v* + dt’ u*d, v*)dt.
Hence the vector w*dt’ displaced (‘‘dragged along”)?1%) to & + v*dt’ is
%‘(E" + v dt)dt’ = wdt’ + u*d,v*dtdt’. The field value of w*dt’ in & + v*di
is (w* + dtv*d,u*)di’. Now the difference between those two vectors
divided by dt is the Lie-derivative of u*dt’ (cf. (3.8) and fig. 1).

B. If one introduces in an X, an anholonomic coordinate system (k)
next to a holonomic one, (x); the covariant measuring vectors ¢, are not
all gradients. The object of anholonomity is then introduced as follows

2
(8.1 Qe gudy Al 2 AL eq,

N —

12y Cf. Einfithrung I p. 32 (see Y)).
18) See op. ¢it. 19), p. 3; p. 140, and p. 75 respectively.



12 210

and is expressed in terms of the covariant measuring vectors of (h). It can

also be expressed in terms of the contravariant measuring vectors; denoting

by £ the Lir-derivative with respect to e*, one can easily verify that
; . ;

(8.2) £e* ——-2c"e’.Q"A — 200 A%

i i

The geometric significance is illustrated in fig. 2. At & the vectors
e dt and e dt are taken, and also at the pomts &4 e dt, & + e" dt. £ e dt?

1s the “defect” -vector; it is a measure of the gaps in the ° networ

Fig. 1 Fig. 2

C. In case an X, is made into an L, by the introduction of a linear
connection I 5, the question of the geometrical significance of S;* 2 I' %
arises. This becomes clear from the identity

(8. 3) 2ur P S =ut v, v — vtV w — £
u

If we choose the fields w* and v* so that the field values of «* and v* at
& + v dt and & + w*dt respectively, and the pseudo-parallel displaced
values are equal, then we have in &*:

(8. 4) ut Vv ="V, 0 =0,

and we keep the formula

(8. 5) £vt=—2u*v* 8%
w

It is a well-known fact that the right hand side of (8. 5) is a defect-vector.
However, it seems that such defect-vectors arise in a natural way from
using the Lie-derivative.

The general idea of a defect-vector is also of value in determining the

geometric interpretation of the operator v,V,. One easily derives
for L,:

(8.6) (VV,uV,—wV, vV, )w, = — v u B w, + (£ut)V,w,.
v

Hl®
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If now the infinitesimal quadrangle of w*dt’ and v*dt (fig. 1) is closed
(£u* = 0), we get back the expression for the pseudo-parallel displace-
v

ment around a surface element. If w*d¢’ is displaced parallel along v*dt and
conversely, (8.5) holds, and one gets back the formula for v,,v,,. This
explains why the term with S;;* occurs in that formula.

. D. Consider the following facts:

1. In B and C the Lie-derivatives of vector fields with certain pro-
perties lead to a quantity — or object — of contravariant valence one
and covariant valence two, alternating in these latter two indices.

.. 2. The Lie-derivatives of vector fields are closely related to whether
or not these fields are X, -forming (cf. § 4).

3. H,;* arose from a problem concerning X, _,-forming vector fields
(cf. § 2).

Hence it was to be expected that H ;;* would occur in a formula expressing
in terms of A3 the Lir-derivatives of its eigenvectors with respect to one
another. In (8. 5), moreover, such an expression is given for vectors dis-
placed along one another. Since (8. 5) is a specialisation of (8. 3), and
because H ;;* is of degree two in A;* and its derivatives it was to be expected
that there would be a general formula expressing the Lir-derivative of
the transforms of vectors in terms of the Lir-derivative of the vectors
themselves. This led to (3. 7). Specialisation for eigenvectors gave (4. 3).

The following considerations led to (3. 5). If the eigenvectors of hy* are
X, _;forming, the same holds for every affinor k;* with distinct eigen-
values and the same eigenvectors. This must appear analytically by the
possibility of expressing the quantity K,;* corresponding to (3.1) in
terms of H;;*. Now k;* can be written as a polynomial of degree n—1 in

hy*; for if o, ..., o are the eigenvalues of kj*, the equation
1 n
n—1
(8.7) k;l"=[0?A’j+,L;NL;1"+..+£31 hy*
leads to a set of linear equations with respect to (k):
(8. 8) g=ﬁ+ﬁl+§)ﬁ+..+ ,81/1"‘1,
i 0 114 i n—1 4

p.a
which can be solved. It must therefore be possible to express H,;* in

terms of H;*. It seemed most plausible that a kind of a “product rule”
as the rule of LErBNITZ in differential calculus would exist. Now (3. 5) is
not exactly that because two ‘“‘product terms” arise in the left hand side.
Still, (3. 5) is sufficient for the purpose since K ;;* can be expressed in terms

of H;* 3,8, ...,9, p and powers of Ay’ on account of the recurrence
9 n—1

formulae (6. 3) and
p.a+1 2.2 p+1.1 a1 P q . 1.1 N

(8.9) H.3 =H;;" hy* — H + H;i" by — 2 hy" Hyph,

obtained from (6. 2) by taking r = 1.
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For the check that K;;» = 0; &, 1, j 54, is a consequence of H;,:L= 0;h, 1,7,
we need not carry out these computations. If w* and v* are eigenvectors

of hy* and ky* belonging to eigenvalues 1, u and p, o respectively, we have
the analogue of (4. 3):

wr K = (o—o)u £o + (0—0)v* £0 +
(8. 10) ¢ *
+ [k ky’ — (0+0) ky* + oo A%] £ 02,

Now, as a consequence of (4. 7), £42 is a linear combination of u* and v*.

Hence by (8. 10) K;;* = 0; &, 1, j 7. The converse also holds provided k;*
has distinct eigenvalues (read ky* for 23 and conversely in § 4 and in the
above argument).



